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Abstract
We investigate the spectral dimension of κ-space-time using the κ-deformed diffusion equation. The
deformed equation is constructed for two different choices of Laplacians in n-dimensional, κ-deformed Eu-
clidean space-time. We use an approach where the deformed Laplacians are expressed in the commutative
space-time itself. Using the perturbative solutions to diffusion equations, we calculate the spectral dimen-
sion of κ-deformed space-time and show that it decreases as the probe length decreases. By introducing a
bound on the deformation parameter, spectral dimension is guaranteed to be positive definite. We find that,
for one of the choices of the Laplacian, the non-commutative correction to the spectral dimension depends
on the topological dimension of the space-time whereas for the other, it is independent of the topological
dimension. We have also analysed the dimensional flow for the case where the probe particle has a finite
extension, unlike a point particle.
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1. INTRODUCTION
Many different paradigms have been developed and employed to unravel the structure of space-time at
microscopic scale, in order to obtain the consistent quantum mechanical description of gravity. Dimen-
sional flow [1] is a characterising behaviour that is common to these approaches such as causal dynamical
triangulations [1], asymptotically save gravity[2], loop gravity[3], deformed(or doubly) special relativity[4],
non-commutative space-times[5–7], Horava-Lifschits gravity[8], and relative-locality[9–12]. All these ap-
proaches show that the effective dimensions felt by a fictitious test particle reduces at high energies (i.e.,
when the length scale probed is very small). This variation of dimensions with the probe scale at high
energies suggest the possibility of a fractal structure of the space-time at extremely short distances. This
reduction of the effective dimensions is of important consequences as gravity is known to be renormalisable
in two dimensions.
Prediction of the existence of a fundamental length scale is another common trait shared by vari-
ous frameworks developed to investigate microscopic theory of space-time. Non-commutative geometry
provides an elegant mathematical framework to incorporate this fundamental length scale[13]. In non-
commutative setting, usual notions of space-time points get blurred and space-time becomes fuzzy. A par-
ticle undertaking a random walk in such a fuzzy space-time may not be able to access all the dimensions.
Thus, the effective dimensions felt by this test particle can be different from the usual topological dimen-
sions of the space-time. Spectral dimension has been used to study this change in the effective dimensions
at high energies.
The usual notion of the dimension of space is that it is the exponent that characterising the change in
the volume of an object with change in its size. Thus one defines the dimension as d = LTsize→0 logvolmelogsize .
Geometrical aspects of space at short distances are studied using the spectral dimension, which in the large
length scale produces the same value as the usual dimension. Spectral dimension is calculated from the
solution to the diffusion equation defined in a Euclidean space with a given metric. The motion of the
particle in such a space is governed by the diffusion equation
∂
∂σ
U(x, y;σ) = LU(x, y;σ) (1)
where σ is fictitious diffusion time with dimension of length squared, L is the Laplacian and U(x,y;σ) is
the probability density of the test particle to diffuse from the initial position x to another point y, in diffusion
time σ. The spectral dimension of this space is related to the trace of the diffusion probability known as
return probability which measures the probability to find the particle returning back to the starting point
after a diffusion time σ. Thus, using the solution for the diffusion equation, the return probability is defined
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as
P(σ) =
∫
dnx
√
detgµνU(x, x;σ)∫
dnx
√
detgµν
(2)
where gµν is the metric of the underlying space. Spectral dimension Ds is extracted by taking the logarithmic
derivative of return probability P(σ)
Ds = −2∂ ln P(σ)
∂ lnσ
. (3)
It is easy to see that for usual n-dimensional Euclidean space(where the metric gµν = δµν), the spectral
dimension turns out to be n itself. It is well known that the spectral dimension of quantum gravity models
depends on the diffusion time σ and it decreases smoothly to a lower value from four, at small values of
σ and this is known as dimensional flow[1]. It was shown that the spectral dimension reduces to 2 in the
UV (i.e., when probed at extremely short length scales) from 4 at IR in many cases[1–3, 8] whereas, for
non-commutative space-times, for certain choices of the Laplacian, the spectral dimension reduces to a
lower value (but not 2) and for other choices, one gets higher values for spectral dimension showing super
diffusion[4–7]. In recent times a novel approach to understand quantum gravity known as the principal of
relative locality [9–12] was introduced. In this approach locality of an event is also observer dependent as
simultaneity in special and general relativity. In this approach phase space is at a fundamental level than
the space-time and argue that the phase space relevant for discussion of quantum gravity should have a non
trivial geometry as first suggested in [14].
Dimensional flow for a model compatible with deformed special relativity principle (DSR) has been
analysed in [4]. Starting with the metric in momentum space and with a specific choice of Laplacian
(constructed using an invariant scalar), return probability in DSR compatible space-time was calculated.
Using this, the spectral dimension was obtained and its variation with respect to parameters characterising
the deviation of the Laplacian from the usual case was studied numerically. It was shown that the spectral
dimension increases to 6 in the high energy scale showing super diffusion and take the expected value of
4 in the low energy scale. It was also noted that the spectral dimension do become non-integer for certain
values of the parameters.
In [5], using numerical methods, fractal nature of the κ-Minkowski space-time was studied. Here, the
spectral dimension is calculated from the return probability obtained using a specific form of κ-deformed
Laplacian, in the momentum space. Here, a modified integration measure, in the momentum space, which
is invariant under the κ-deformed Lorentz algebra was also used. After carrying out the integrations, nu-
merically, it was shown that the spectral dimension reduced to three (3) in the limit of diffusion time going
to zero. Further, using a different basis for the κ-deformed Lorentz algebra, same behaviour of spectral
dimension was obtained, but with a different choice for the Laplacian.
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Variation of spectral dimension with the probe scale in a non-commutative space-time was analysed
using another approach in [6]. In this paper, the entire effect of non-commutativity was introduced through
a modification of the initial condition satisfied by the solution to the diffusion equation. Since non-
commutativity will lead to smearing of point objects, the initial condition was taken as a Gaussian(instead
of a Dirac delta function) with width controlled by the minimal length introduced by the non-commutativity
of the space-time. In this case, the spectral dimension was shown to be a function of diffusion time and the
minimal length parameter. In this case, at very high energies, space-time dimension reduces to zero. It was
shown that in the limit where the diffusion time (s) is of the same order as the (square of ) minimal length
(lmin), the spectral dimension becomes 2 , For trans-Planck regime (where s < lmin), it was argued that the
space-time dissolves completely, leading the spectral dimension to be zero.
In [7], change of spectral dimension of κ-Minkowski space-time was studied. Staring from the Euclidean
momentum space associated with the κ-Minkowski space-time, possible Laplacians in the momentum space
were constructed. These Laplacians were constructed by demanding them to be the Casimirs of the κ-
Poincare algebra in the momentum space. These Laplacians were constructed as the Casimirs using bi-
covariant differential calculus and bi-crossproduct basis, respectively. A third form for the Lpalacian was
derived as the geodesic distance in the κ-momentum space. By calculating the return probability, using
these Laplacians in the momentum space, spectral dimensions for these three cases were calculated. For
the first case, i.e., for the Laplacian written in bi-covariant differential calculus, it was shown that the
spectral dimension flow from 4 at low energies to 3 in the high energies. For the second situation where the
Laplacian was written in bi-crossproduct basis, spectral dimension was shown to increase from 4 to 6 with
energy. In the third case, Laplacian was constructed using the notion of relative locality, and it was shown
that the spectral dimension goes to infinity (∞) as energy increases. Thus in the first case, the spectral
dimension flows to a lower value (of 3), replicating the general feature of the dimensional flow in other
studies, whereas, in the second case, spectral dimension increase to a higher, but finite value indicating
super diffusion. In the third situation, notion of diffusion breaks down completely at high energies as the
spectral dimension goes to infinity. A similar behaviour was also noted in [15] for certain effective models
involving non-local laplacians. In the first two cases considered in [7], the behaviour of spectral flows were
argued to be due to the modified integration measure, necessitated by the κ-deformation. In the third case
studied in [7] where the spectral dimension is calculated for a model compatible with relative locality, the
effects of this novel notion of locality leads to higher powers of momenta in the dispersion relation. By
numerical methods, spectral dimension was calculated and shown that it diverges as the probe scale goes to
zero.
We note that the dimensional flow in the non-commutative space-time, and in particular for the case of κ-
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deformed space-time depends on the choice of Laplacians. Also, all these studies[4–7] where the variation
of spectral dimension of κ-space-time was analysed, used the Laplacians in the momentum space. Also,
the invariant measure in the momentum space had an important role in deciding the behaviour of spectral
dimension as a function of the probe scale[5, 7]. In [1–3], solutions to diffusion equation were obtained in
the coordinate space and thus it is of interest to analyse the change in the spectral dimension of κ-space-time
also using the probability density of the test particle undergoing diffusion in coordinate space. We take up
this issue here.
In this paper, we derive the spectral dimension of the κ-space-time, by setting up the κ-deformed diffusion
equation in terms of commutative co-ordinates. This is achieved by first writing down the κ-deformed
Laplacian in the Euclidean version of the n-dimensional κ-space-time, in terms of the derivatives with
respect to commutative coordinates. We then obtain the solution to this heat equation, perturbatively. Using
this solution, we calculate the return probability, valid upto second order in the deformation parameter. We
then calculate the spectral dimension, as a function of diffusion length and the deformation parameter a. We
then analyse the variation of the spectral dimension as a function of diffusion length. We have analysed this
for another possible realisation of the κ-deformed Laplacian operator also. Since the framework we use here
allow us to set up the diffusion equation valid for the κ-deformed space-time, entirely in the commutative
space-time, we can use the well established methods to solve this deformed heat equation. Also, we can use
the same initial condition of demanding the test particle to be localised at a fixed point in space at the initial
time, as in the commutative space-time. We have also investigated the effect of finite extension of the probe
on the spectral dimension, by using a modified initial condition.
This paper is organised as follows. In the next section, a brief summary of the κ-deformed Laplacian
operators written in commutative space-time is given[16]. In section 3, we set up the heat equation for
a fiducious particle in this κ-deformed space-time and obtain its solution. This solution is obtained as a
perturbative series in the deformation parameter and we obtain the solution valid upto first non-vanishing
terms in the deformation parameter. Using this solution, we calculate the return probability and spectral
dimension which is valid upto second order in the deformation parameter. We also discuss various limits
of the spectral dimension. Using a different initial condition, we calculate the spectral dimension with a
probe having finite extension. We find that the genric feature of the spectral dimension is not altered by the
extended nature of the probe. In section 4, we start with a different, possible Laplacian in the κ-deformed
space-time and evaluate corresponding spectral dimension and discuss its limits. Here again, we investigate
the effect of a probe with a finite extension on the spectral dimension. Our concluding remarks are given in
section 5.
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2. KAPPA-DEFORMED LAPLACIAN IN EUCLIDEAN SPACE-TIME
The approach we take here is to express the κ-deformed Laplacian in terms of the derivatives with respect
to the commutative coordinates and deformation parameter, developed in[16, 17]. In this framework, one
first re-express the coordinates xˆµ of the κ-deformed space-time in terms of the commutative coordinates
xµ and their derivatives. By demanding that this mapping preserves the defining relations satisfied by the
non-commutative coordinates given by
[xˆµ, xˆν] = i(aµ xˆν − aν xˆµ) (4)
where aµ are constant real parameters, which describe the deformation of Euclidean space. We choose
ai = 0, i=1 to n-1, and an = a. Then the algebra of the non-commutative coordinates becomes
[xˆi, xˆ j] = 0, [xˆn, xˆi] = iaxˆi, i, j = 1, 2, ..., n − 1 (5)
The explicit form of xˆn and xˆi are
xˆn = xnψ(A) + iaxi∂iγ(A), (6)
xˆi = xiϕ(A), (7)
where A = ia∂n. By demanding that the deformed Poincare transformations must be linear in the coordi-
nates and their derivatives, one obtain the generators of the underlying symmetry algebra. These modified
generators satisfy the same relations as the generators of the usual Poincare algebra and known as unde-
formed κ-Poincare algebra. These deformed generators are given in terms of the commutative coordinates
xµ and their derivatives ∂µ and depend on the deformation parameter a. In the limit of vanishing a, one
recover the Poincare algebra.
The derivatives which transform as vector under κ-Poincare algebra, called Dirac derivatives, are explic-
itly
Di = ∂i
e−A
ϕ
, Dn = ∂n
sinhA
A
+ ia∇2 e
−A
2ϕ2
. (8)
The quadratic Casimir of this algebra is DµDµ [16, 17] is given by
DµDµ = DiDi + DnDn = (1 − a
2
4
), (9)
where
 = ∇2 e
−A
ϕ2
− ∂2n
2(1 − coshA)
A2
. (10)
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Here A = ia∂n and without lose of generality, we choose ϕ = e−
A
2 . Note that the -operator is quadratic in
space derivatives and thus DµDµ has quartic space derivatives.
Generalising the notion of Laplacian being the Casimir of the Poincare algebra to the κ-deformed space-
time, we use DµDµ as the κ-deformed Laplacian. In the commutative limit (a→ 0), we recover the standard
Laplacian in the commutative space-time. But if we relax this condition and require only that the κ-deformed
operator should reduce to the usual Laplacian in the commutative space-time, we can use the -operator
defined in eqn.(10) also as the κ-deformed Laplacian. Both DµDµ and  operators have been analysed as
possible generalisations of Klein-Gordon operator in κ-space-time[18, 19].
It is clear from eqn.(10) that the -operator has higher derivatives in time. Further, we note that this
operator also has terms involving products of derivatives with respect to time and space coordinates. Since
DµDµ is expressed in terms of the -operator, these properties are carried over to DµDµ also. This will have
important consequences in the calculation of spectral dimension of the κ-deformed space-time.
Note that both the operators DµDµ and  are written completely in the commutative space-time and thus
the Laplacians we use are expressed in the commutative space-time.
3. SPECTRAL DIMENSION FROM DµDµ OPERATOR
In this section, we calculate and analyse the spectral dimension of the κ-deformed space-time, using
the Casimir of the undeformed κ-Poincare algebra DµDµ as the Laplacian operator, in the n-dimensional
κ-deformed Euclidean space. For this, we start with the diffusion equation in the κ-deformed space and
derive its solution. We solve this deformed diffusion equation, perturbatively and obtain the solution valid
upto second order in the deformation parameter. Using this deformed probability density, we calculate the
return probability and then spectral dimension.
We start with the diffusion equation in an n-dimensional, κ-deformed Euclidean space, given by
∂
∂σ
U(x, y;σ) = DµDµU(x, y;σ). (11)
We restrict our attention to first non-vanishing corrections due to non-commutativity. Thus we re-write the
above equation, valid upto the second order in the deformation parameter a as
∂U
∂σ
= ∇2U + ∂2nU −
a2
3
∂4nU −
a2
2
∇2∂2nU −
a2
4
∇4U. (12)
Note that all the a dependent terms are of higher derivatives; two of them having quartic derivatives while
another involves product of quadratic derivatives in space and time.
For convenience we define the Laplacian in the n-dimensional commutative Euclidean space-time as
∇2U + ∂2nU = ∇2nU. (13)
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Using this, eqn.(12) is re-written as
∂U
∂σ
= ∇2nU −
a2
3
∂4nU −
a2
2
∇2∂2nU −
a2
4
∇4U. (14)
We use perturbative approach to solve this equation to obtain the heat kernel U(x,y;σ). Thus we start with
the probability density, valid upto second order in the deformation parameter a as
U = U0 + aU1 + a2U2. (15)
Note that we have the following relations between dimensions of terms in the above perturbative series,
[U1] =
1
L
[U0] (16)
and
[U2] =
1
L2
[U0]. (17)
Using eqn.(15) in eqn.(14) and equating the zeroth order terms in a, we find that U0 satisfy the usual heat
equation,
∂
∂σ
U0(x, y;σ) = ∇2nU0(x, y;σ). (18)
The solution to above equation is
U0(x, y;σ) =
1
(4piσ)
n
2
e−
|x−y|2
4σ . (19)
Next, we equate the first order terms in ‘a’ in eqn.(14) to obtain
∂
∂σ
U1(x, y;σ) = ∇2nU1(x, y;σ) (20)
showing that U1 also satisfy the same heat equation as U0. Thus we find U1 to be of the same form as U0,
i.e.,
U1(x, y;σ) =
α
(4piσ)
n
2
e−
|x−y|2
4σ (21)
where α has the dimensions of L−1. Thus, for solving both U0 and U1, we have used the usual initial
condition, i.e., U0(x, y; 0) = δn(x − y) = U1(x, y; 0). This is possible because we could write the deformed
diffusion equation in the commutative space-time.
Now we solve for the next term in eqn.(15). For this we equate the second order terms in ‘a’ in eqn.(14)
and obtain
∂
∂σ
U2(x, y;σ) = ∇2nU2(x, y;σ) −
1
3
∂4nU0(x, y;σ) −
1
2
∇2∂2nU0(x, y;σ) −
1
4
∇4U0(x, y;σ) (22)
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Note that the last three terms on the RHS of above equation show the change in the diffusion equation due
to the κ-deformation. Using the solution for U0 obtained in eqn.(19) in the above , and after straight forward
simplification, we get the equation satisfied by U2 as
∂
∂σ
U2(x, y;σ) = ∇2nU2(x, y;σ) + [−
(n + 1)2
16σ2
+
(xn − yn)2
16σ3
+
n + 2
16σ3
Σni=1(xi − yi)2 −
(xn − yn)4
48σ4
− (xn − yn)
2
32σ4
Σn−1i=1 (xi − yi)2 −
1
64σ4
(Σn−1i=1 (xi − yi)2)2]
1
(4piσ)
n
2
e−
|x−y|2
4σ .
(23)
Using Duhamel’s principle[20], we solve the above equation which is of the generic form
∂
∂σ
U2(X, σ) = ∇2nU2(X, σ) + f (X, σ) (24)
where X = x − y. With the initial condition
U2(X, 0) = g(X), (25)
the solution to eqn. (24) is given by
U2(X, σ) =
∫
Rn
Φ(X − X′, σ)g(X′)dX′ +
∫ σ
0
∫
Rn
Φ(X − X′, σ − s) f (X′, s)dX′ds (26)
where
Φ(X, σ) =
1
(4piσ)
n
2
e−
|X|2
4σ . (27)
In our case we have the initial condition satisfied by the solution as
U2(X, 0) = g(X) = δn(X). (28)
Note that we are using the same boundary condition as in the usual diffusion equation. This is to be
contrasted with the approach taken in [6]. Since, the κ-deformed Laplacian and hence the diffusion equation
are written fully in the commutative space-time and all the effects of the non-commutativity is included in
the modified Laplacian and thus we are justified in using this initial condition.
Using eqn(27) and eqn.(28), the first term on RHS of eqn.(26), U21 is calculated as
U21(x, y;σ) =
∫
Rn
Φ(X − X′, σ)g(X′)dX′ = β
(4piσ)
n
2
e−
|x−y|2
4σ , (29)
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where β has the dimensions of L−2. The second term on RHS of eqn.(26), U22 is evaluated as
U22(x, y, σ) =
∫ σ
0
∫
Rn
Φ(X − X′, σ − s) f (X′, s)dX′ds
=
1
(4piσ)
n
2
e−
|x−y|2
4σ [
(
− (xn − yn)
4
48σ4
− (xn − yn)
2
32σ4
Σn−1i=1 (xi − yi)2 −
1
64σ4
(
Σn−1i=1 (xi − yi)2
)2)
(σ − )
+
(
(xn − yn)2
16σ2
+
n + 2
16σ2
Σni=1(xi − yi)2
)
ln(σ/) +
(
(n + 1)2
16
) (
1
σ
− 1

)
−
(
(xn − yn)2
4σ3
+
1
16σ3
Σn−1i=1 (xi − yi)2 +
(n − 1)
16σ3
(xn − yn)2 + (n + 1)16σ3 Σ
n−1
i=1 (xi − yi)2
)
A
− 1
2piσ3
(
(xn − yn)Σn−1i=1 (xi − yi) + (x1 − y1)Σn−1i=2 (xi − yi) + ... + (xn−2 − yn−2)(xn−1 − yn−1)
)
A
−
(
(xn − yn)3
6σ3
√
σpi
+
(xn − yn)
8σ3
√
σpi
Σn−1i=1 (xi − yi)2 +
(xn − yn)2
8σ3
√
σpi
Σn−1i=1 (xi − yi)
)
B
−
(
1
8σ3
√
σpi
Σn−1i=1 (xi − yi)Σn−1j=1(x j − y j)2
)
B
+
(
2(xn − yn)
3σ2
√
σpi
− (n + 1)
4σ2
√
σpi
Σn−1i=1 (xi − yi) −
(n − 1)
4σ2
√
σpi
(xn − yn)
) (
(2σ + )
√
σ

− 1 − 3σ tan−1
√
σ

− 1
)
− (n + 1)
2
16σ2
(
−2σ ln(σ/) + σ
2

− 
)
+
(n + 1)2
8σ
[
−1 + σ

− ln(σ/)
]
+ 2
(
(xn − yn)
4σ
√
σpi
+
n + 2
4σ
√
σpi
Σni=1(xi − yi)
) (
tan−1(
√
σ/ − 1) − √σ/ − 1)] (30)
whereA = σ ln(σ/) − σ +  and B = (σ tan−1
√
σ
 − 1 − 
√
σ
 − 1).
Note that U22 treats Euclidean time and space coordinate on a different footing. This is apparent from
the fact that we have terms depending on (xn − yn) and (xi − yi), separately. The  appearing in the above
is a lower cut-off introduced in evaluating the integral in eqn.(26) and we will set the limit  → 0 after
calculating the spectral dimension.
Using eqn.(29) and eqn.(30), we get the solution to the second order correction as U2(x, y;σ) =
U21(x, y;σ) + U22(x, y;σ). Using eqns. (19), (21), (29) and eqn.(30) in eqn.(15), we find heat kernel,
valid upto second order in a.
Using this in eqn.(2), we obtain the return probability as
P(σ) =
1
(4piσ)
n
2
[
1 + aα + a2β + a2
(
− (n + 1)
2
16σ
+
(n + 1)2
16σ2

)]
. (31)
Note that the return probability, calculated above, do have first order as well as second order corrections due
to the non-commutativity.
Using this in eqn.(3), we evaluate the spectral dimension as
Ds =
n + naα + na2β − (n + 2)(n + 1)2 a216σ + (n + 4)(n + 1)2 a
2
16σ2 
1 + aα + a2β − a2 (n+1)216σ (1 − σ )
. (32)
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FIG. 1: spectral dimension as a function of σ with a = 1 and n = 4 for DµDµ as Laplacian.
Keeping upto first non-vanishing terms, we obtain the spectral dimension as Ds = n−(n+1)2 a28σ+(n+1)2 a
2
4σ2 .
After setting the cut-off parameter  to zero, we obtain spectral dimension of the κ-deformed space-time as
Ds = n − (n + 1)2 a
2
8σ
. (33)
Note that the first non-vanishing correction due to non-commutativity is in the second order in a and this
correction also depends on the initial topological dimension n(apart from the diffusion parameter σ).
We see that in the limit of large diffusion parameter, the spectral dimension(see. Fig.1) is same as the
topological dimension, i.e.,
Ltσ→∞Ds = n. (34)
In the limit of vanishing σ, we find that the spectral dimension goes to −∞. For a = 1 and n = 4, we
find the spectral dimension to be zero for σ = 0.78. In general, for n = 4, the spectral dimension becomes
negative for σ < 25a2/32. As in [6], we see here that for trans-Planckian regime where σ = 25a2/32,
space-time dissolves, setting the spectral dimension to be zero. Since the deformation parameter a is related
to the minimum length scale associated with the κ-space-time, negative spectral dimension for σ < 25a2/32
seems to indicate that the diffusion equation and/or spectral dimension looses its meaning below this scale
of 25a2/32.
It is well known that the Laplacians with higher derivatives do lead to negative probability[21] and here,
as we noted, our Laplacian do have higher derivatives in space as well as time coordinates. In the spirit of
[22], we can take the view that the κ-deformed diffusion equation eqn.(12) and hence the spectral dimension
obtained in eqn.(33) is valid only for a2 < 32σ/25 and thus assure that the spectral dimension is positive
definite. Since the deformation parameter a is expected to be of the order of Planck length, probing well
below the scale of the order of a2 may not be possible and the existence of such a threshold for the probe
scale is plausible.
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In [6], spectral dimension for a non-commutative space-time was studied by using an extended probe
and analysed the diffusion equation satisfied by this probe and spectral dimension was calculated. In our
case, we have started with the diffusion equation in the κ-deformed space-time, written in commutative
space-time and effects of non-commutativity was incorporated through higher derivative terms appearing in
the κ-deformed Laplacian(see eqn.(12)). Here, since the diffusion equation is written in the commutative
space-time itself, we have used point particle as the probe. We can also use an extended probe in this
approach also. The extended nature of the probe can be incorporated using an initial condition which takes
into account of this finite length of the probe particle. For this, we first solve for U0 satisfying eqn.(18) with
a modified initial condition given by
U0(x, y; 0) =
1
(4pia2)
n
2
e−
|x−y|2
4a2 . (35)
Note that the width of the Gaussian above depends on the deformation parameter a which has the dimension
of length. With this initial condition, we get
U0(x, y;σ) =
1
(4pi(σ + a2))
n
2
e
− |x−y|2
4(σ+a2) . (36)
Since we are interested in the solution valid upto second order in a, keeping terms only up to second order
terms in ‘a’ we find
U0(x, y;σ) =
1
(4piσ)
n
2
e−
|x−y|2
4σ
[
1 − na
2
2σ
+
a2 | x − y |2
4σ2
]
. (37)
Next, we solve eqn.(20) using the initial condition given in eqn.(35) and obtain
U1(x, y;σ) =
α
(4pi(σ + a2))
n
2
e
− |x−y|2
4(σ+a2) (38)
Here we keep terms up to first order in a since the solution U contains aU1. Thus U1, valid up to first order
in a is given by
U1(x, y;σ) =
α
(4piσ)
n
2
e−
|x−y|2
4σ . (39)
Next we solve for U2 satisfying eqn.(22). In order to solve this we use U0 obtained in eqn.(37). We also use
the initial condition give in eqn.(35), which incorporate the extended nature of the probe. But in this case,
we need to consider only zeroth order terms in ‘a’ (since U2 comes with a coefficient a2 in U) and thus the
solution for U2, valid up to zeroth order in a, is same as the one satisfying eqn.(22), obtained earlier.
Thus, with the probe having an extension, we find the solution for heat kernel, valid upto second order
in ‘a’ as
U(x, y;σ) =
1
(4piσ)
n
2
e−
|x−y|2
4σ
[
1 − na
2
2σ
+
a2 | x − y |2
4σ2
+ aα + a2β
]
+ a2U22. (40)
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Using this solution we obtain the return probability as
P(σ) =
1
(4piσ)
n
2
[
1 + aα + a2β − a2 (n + 1)
2
16σ
− na
2
2σ
]
. (41)
Using this, we evaluate the spectral dimension to be
Ds =
n + naα + na2β − (n + 2)(n + 1)2 a216σ − n(n + 2) a
2
2σ
1 + aα + a2β − a2 (n+1)216σ − na
2
2σ )
. (42)
Keeping upto first non-vanishing terms in ‘a’, we find
Ds = n − (n + 1)2 a
2
8σ
− na
2
σ
(43)
By comparing with the eqn.(33) we see that the extended probe leads to an additional term − na2σ . Note
that this additional term depends on the topological dimension n. We note that, as for the particle like probe
used earlier, here too, the spectral dimension is same as the topological dimension in the limit σ → ∞.
Similarly, in the limit σ → 0 we see that Ds → −∞, exactly same as in the case of particle like probe used
in obtaining spectral dimension obtained in eqn.(33).
For a = 1 and n = 4, we find the spectral dimension obtained in eqn.(43) vanishes when σ = 1.781. For
n = 4, the spectral dimension become negative for σ < 57a
2
32 . In general, the spectral dimension vanishes
for σ = 57a
2
32 . By demanding that the spectral dimension should be positive definite imply a cut-off on the
deformation parameter given by a2 < 32σ57 . Thus we see that the effect of extended nature of the probe
modify the cut-off values of σ and a2, but do not change the general feature of the dimensional flow and
also do not affect the values of spectral dimension in the limit σ→ 0 as well as in the limit σ→ ∞.
4. SPECTRAL DIMENSION FROM  OPERATOR
In this section, we use  operator as the Laplacian in the κ-deformed space-time, which reduces to the
usual Laplacian in the commutative space-time. Thus we start with the diffusion equation
∂
∂σ
U(x, y;σ) = U(x, y;σ), (44)
where  = ∇2 e−A
ϕ2
− ∂2n 2(1−coshA)A2 , and A = ia∂n. Also, we choose ϕ = e−
A
2 . Keeping upto first non-vanishing
terms in a, the above diffusion equation becomes
∂
∂σ
U(x, y;σ) =
(
∇2n −
a2
12
∂4n
)
U(x, y;σ). (45)
Here, we note that the a dependent term involves quartic time derivative, but there are no terms involving
product of derivatives with respect to different coordinates. As earlier, we solve the above equation pertur-
batively using eqn.(15) for U. Collecting the zeroth order terms in a shows that U0 satisfy the usual heat
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equation, i.e.,
∂
∂σ
U0(x, y;σ) = ∇2nU0(x, y;σ) (46)
with solution
U0(x, y;σ) =
1
(4piσ)
n
2
e−
|x−y|2
4σ (47)
and the first order terms in a leads to the equation
∂
∂σ
U1(x, y;σ) = ∇2nU1(x, y;σ) (48)
showing that U1 also satisfy the usual heat equation and therefore the solution is
U1(x, y;σ) =
α
(4piσ)
n
2
e−
|x−y|2
4σ (49)
where [α] has the dimensions of L−1. Note that in obtaining the solutions for U0 and U1, we have used
the initial condition of the test particle being localised at a given point in the space, as in the commutative
space-time.
Next, by equating the second order terms in a, we find that the equation satisfied by U2 as
∂
∂σ
U2(x, y;σ) = ∇2nU2(x, y;σ) −
1
12
∂4nU0(x, y;σ). (50)
Note that the above equation has a quartic term in the Euclidean time derivative. Now substituting eqn.(47)
in the above, we obtain U2 as
U2(x, y;σ) =
e−
|x−y|2
4σ
(4piσ)
n
2
[β − (xn − yn)
4
192σ4
(σ − ) + (xn − yn)
2
16σ2
ln(σ/) +
( − σ)
16σ
− (xn − yn)
2
16σ3
(σ ln(σ/) − σ + ) − (xn − yn)
3
24
√
σ7pi
(
σtan−1
√
σ/ − 1 −  √σ/ − 1)
− (xn − yn)
6
√
σ5pi
[
(2σ + )
√
σ/ − 1 − 3σtan−1 √σ/ − 1] − 1
16σ2
(
−2σ ln(σ/) + σ
2 − 2

)
+
1
8σ
[−1 − ln(σ/) + σ/] + (xn − yn)
2
√
σ3pi
(
tan−1
√
σ/ − 1 − √σ/ − 1)]. (51)
As in eqn.(30), we see that the Euclidean time and space coordinate are treated differently. Here also, the 
is the lower cut-off introduced in evaluating the integral and we will take the limit  → 0 after calculating
the spectral dimension.
Using this in eqn.(2), we obtain the return probability
P(σ) =
1
(4piσ)
n
2
[
1 + aα + a2β + a2
(
− 1
16σ
+

16σ2
)]
(52)
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FIG. 2: spectral dimension as a function of σ with a = 1 and n = 4 for  as Laplacian.
and from eqn.(3), we find the spectral dimension as
Ds =
n + naα + na2β − (n + 2) a216σ + (n + 4) a
2
16σ2
1 + aα + a2β + a2( −116σ +

16σ2 )
. (53)
We note that all the first order terms in a cancel with each other and thus the first non-vanishing correction
due to the non-commutativity is in the second order in the deformation parameter a. After setting the cut-off
parameter to zero, we find the spectral dimension to be
Ds = n − a
2
8σ
. (54)
We note that the non-commutative correction is independent of the topological dimension n. Thus the
change in the effective dimension is same irrespective of the topological dimension of the space-time we
start with. This should be contrasted with the spectral dimension we found in eqn.(33).
It is easy to see(Fig.2) that in the limit σ → ∞, we find that spectral dimension and topological di-
mension to be equal. For σ = a2/8n, the spectral dimension vanishes and for smaller values (σ < a2/8n),
the spectral dimension becomes negative. As in the case of Eqn.(33), here to, this suggest that the spectral
dimension seems to loose its meaning below this scale. Here again, we note that the deformed Laplacian we
used here had higher time derivatives and such models are known to lead to negative probability density[22].
Here again, we can set the bound on the deformation parameter as a2 < 8nσ to guarantee the positivity of
the spectral dimension.
As in the case of solving eqn. (12), we now solve eqn.(45) for extended probe by using a Gaussian
function whose width is dictated by the deformation parameter, in place of delta function initial condition
used earlier.
With the initial condition which imply the extended nature of the probe
U0(x, y; 0) =
1
(4pia2)
n
2
e−
|x−y|2
4a2 , (55)
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we find the solution to U0 satisfying eqn.(46), valid up to second order in a as
U0(x, y;σ) =
1
(4piσ)
n
2
e−
|x−y|2
4σ
[
1 − na
2
2σ
+
a2 | x − y |2
4σ2
]
. (56)
Similarly, solving eqn.(48) with the modified initial condition given above, we obtain the solution for U1,
valid up to first order in a as
U1(x, y;σ) =
α
(4piσ)
n
2
e−
|x−y|2
4σ . (57)
Since we only need solution of U2 valid only up to zeroth order in a, we find that the solution is same as the
one satisfying eqn.(50). Thus we have the solution for heat kernel valid upto second order in ‘a’ as
U(x, y;σ) =
1
(4piσ)
n
2
e−
|x−y|2
4σ
[
1 − na
2
2σ
+
a2 | x − y |2
4σ2
+ aα + a2β
]
+ a2U22. (58)
Using this solution we obtain the return probability as
P(σ) =
1
(4piσ)
n
2
[
1 + aα + a2β − a
2
16σ
− na
2
2σ
]
. (59)
and the spectral dimension as
Ds =
n + naα + na2β − (n + 2) a216σ − n(n + 2) a
2
2σ
1 + aα + a2β − a216σ − na
2
2σ )
. (60)
Keeping terms valid up to first non-vanishing terms in a, we find
Ds = n − a
2
8σ
− na
2
σ
(61)
By comparing with the eqn.(54) we see an additional term − na2σ in the above, which depends on the topo-
logical dimension. We also note that the limiting values of the spectral dimension is same as in that for the
spectral dimension obtained for point probe in eqn.(54).
For a = 1 and n = 4, we note that the spectral dimension Ds equal to zero when σ = 1.031. For n = 4,
the spectral dimension become negative for σ < 33a
2
32 . Thus, we see that the spectral dimension vanishes
for σ = 33a
2
32 . As earlier the requirement of positivity of the spectral dimension will lead to the condition
a2 < 32σ33 . We see that the effect of extended nature of the probe only modify the cut-off values of σ and a
2,
while the general feature of the dimensional flow and the values of spectral dimension in the limit σ → 0
as well as in the limit σ→ ∞ are unaffected, in the case of Laplacian being  also.
5. CONCLUSION
In this paper, we have derived the spectral dimension of κ-deformed space-time and analysed dimen-
sional flow with the probe scale. Here, we have adopted an approach which allowed us to obtain the dif-
fusion equation valid for the κ-space-time, written in terms of derivatives with respect to the commutative
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coordinates. By using a mapping of the coordinates of κ-deformed space-time to commutative coordinates
and their derivatives, the symmetry algebra of the κ-space-time was obtained in [16, 17]. The generators of
this algebra and hence the Casimir were explicitly given in the commutative space-time. We have used this
Casimir as the κ-deformed Laplacian and this allowed us to set up the deformed diffusion equation which
is completely expressed in the commutative space-time. Apart from facilitating the use of well established
calculational tools, this also allowed us to implement the initial condition that the test particle is at a fixed
point in the space at the initial time (σ = 0). The effect of κ deformation appeared in the Laplacian through
higher derivatives. Keeping terms upto second order in the deformation parameter, we solved this equation,
perturbatively. After calculating the probability to find the particle back at the initial position after the lapse
diffusion time σ, we derived the spectral dimension. We found that the spectral dimension decreases from
the topological dimension. For a space-time of dimension 4, the spectral dimension reduces to zero when
the probe scale (σ) is 25a2/32 and for further finer probe scale, spectral dimension become negative and
goes to −∞ as σ vanishes.
We have also calculated the spectral dimension with another choice of κ-deformed Laplacian. This
choice of Laplacian is dictated only by the requirement of correct commutative limit and it is not a Casimir
of the undeformed κ-Poincare algebra, symmetry algebra of the deformed space-time. In this case also, the
spectral dimension decreases with probe scale and flows to −∞ as σ goes to zero. The spectral dimension
becomes zero when σ = a2/32 and for further smaller values it become negative.
We have studied the changes in the spectral dimension using a probe with a finite extension, for both
the choices of the κ-deformed Laplacian. In these case also, we find the same behavior for the spectral
dimension at the limit of large as well as small probe scale σ. Thus the generic feature of the dimensional
flow is unaffected when the probe has a finite extension.
The non-commutativity of space-time introduces non-local effects. These effects do appear in the de-
formed Laplacian. In our case these non-local effects appear through the higher derivative terms in the
Laplacian used in eqn.(11) and eqn.(44). In [4–7] the non-locality appeared through the higher powers
of momenta present in the dispersion relation. Note that the relative locality principle which modifies the
notion of locality, also modifies the dispersion relation used in [7] to calculate the spectral dimension.
Vanishing of spectral dimension was argued to be sign of space-time loosing its meaning at trans-
Planckian scales[6]. We note that the deformation parameter a, having length dimension, is related to
the minimal length associated with the κ-space-time and expected to be of the order of Planck length. For
both the cases we studied here, we find that the spectral dimension is positive much below the scale set by
the deformation parameter a and become negative when the probe scale is less than 0.78a2 and 0.031a2,
respectively. As discussed in the introduction, some of the earlier studies on the dimensional flow in κ-
17
space-time, using an approach different from the one used here, showed the growth of spectral dimension
to +∞, as the probe scale vanishes[7], indicating super diffusion at small probe scales. In the present case,
we have the opposite situation where the spectral dimension goes to −∞.
The probability density becoming negative for diffusion equations involving higher derivatives have
been noted earlier and a possible re-interpretation of the spectral dimension in such scenarios was discussed
in [22]. It was noted that at low energies, the spectral dimension matchs the topological dimension only
for certain values of the deformation parameter and it was argued that there should be a threshold value
of deformation parameter below which the return probability is not a physically acceptable solution. We
can take a similar approach in the cases studied here. We have seen that for certain values of the diffusion
parameter we get the spectral dimension to be negative. By inverting this inequality, we can get condition
on the deformation parameter (a2 < 32σ/25 and a2 < 32σ, respectively for the cases we considered here
with n = 4) for which the spectral dimension is positive. This may also be an indication of the existence of
multi-scale structure in the κ-space-time[23]. A re-interpretation of the spectral dimension was discussed
in[22], which avoids the negative probability associated with the higher order, and non-local dispersion
relations. Since in our case, the Laplacians do have higher derivatives, it will be interesting to use the
approach developed in [22] and analyse the spectral dimension. This issue will be taken up separately.
Many types of modified diffusion equations were analysed in [21] and shown to have solutions showing
negative probability. For certain class of these modified equations, an approach to obtain solutions to
diffusion equations involving higher derivatives having positive definite probability was discussed in[21]
and it has been applied to Horava-Lifschits gravity models as well as to anomalous diffusion, both in time
and space in [21]. It will be interesting to study the dimensional flow of κ-space-time, in terms of the
Laplacians we used, using this approach and work along these lines are in progress.
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